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Abstract
Let K be a ﬁnite extension of Qp and F(X, Y ) be a formal group deﬁned over OK where
OK is the ring of integers of K. For an arbitrary Zp-extensions K∞/K and the nth layer Kn,
we study the index [F(Kn−1) : F -NKn/Kn−1(F (Kn))]. We give the asymptotic behavior of the
index as n→∞, and determine the index in several cases.
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1. Introduction
Let K be a ﬁnite extension of Qp and F(X, Y ) ∈ OK [[X, Y ]] be a one dimensional
formal group deﬁned over OK of height h < ∞ where OK is the ring of integers of
K. Let K∞/K be a totally ramiﬁed Zp-extension, Kn be the intermediate ﬁeld with
[Kn : K] = pn for all n0 and vn be the normalized discrete valuation of Kn.
Our aim in this paper is to study the F-norm map
F -Nn/m : F(Kn)→ F(Km)
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for n > m. Here, F(Kn) is the abelian group deﬁned on the maximal ideal of Kn
by F(X, Y ). The image of the map F -Nn/0 was studied by Hazewinkel [3, Theorem
1.3] and [2, Theorem 3.1]. In particular, if K is unramiﬁed over Qp, Hazewinkel
proved that F -Nn/0(F (Kn)) = F n(K). Here, F n(K) := {x ∈ F(K) | vn(x)n} and
n = n− [n−1h ] where h is the height of F(X, Y ).
But we need more detailed information of the map F -Nn/m in some cases. For
example, the cokernel of F -Nn/n−1 plays an important role to understand the growth
of the orders of the Tate–Shafarevich group of E/Ln where E is an elliptic curve
deﬁned over a number ﬁeld L, and Ln is the nth layer of the cyclotomic Zp-extension
of L (cf. Kurihara [9, Sections 2, 7]).
We also note that if h = 1, the situation is close to the formal multiplicative group,
so our interest is mainly in the case h2.
We establish the following asymptotic behavior of the order of the cokernel of
F -Nn/n−1.
Theorem 1.1. Suppose that K/Qp is a ﬁnite extension and the residue ﬁeld of K has
q elements. Let F(X, Y ) be a formal group over OK of height h < ∞. Then, there
exist constants i0, m0 and di0 such that
qc1p
n−1+c2 < [F(Kn−1) : F -Nn/n−1(F (Kn))] < qc1p
n−1+c2+h+3+ 1p
for all sufﬁciently large n. Here,
c1 = pi0 − p
pi0 − 1 eK +
p − 1
pi0 − 1di0 ,
c2 = (i0 − 1){(m0 + 1)(p − 1)− eK}
pi0 − 1 − 2,
where eK is the absolute ramiﬁcation index of K, namely eK = ordK(p).
In Theorem 1.1, i0 and di0 depend on a formal group F(X, Y ), and m0 depends on
a Zp-extension K∞/K . If K is unramiﬁed over Qp, then we can obtain a more precise
result, that is, we have i0 = ph−1, di0 = 0 and m0 = 0 in Theorem 1.1. We have the
next theorem.
Theorem 1.2. Assume that p3, K is unramiﬁed over Qp and the residue ﬁeld of K
has q elements. Let F(X, Y ) be a formal group of height 2h <∞.
(a) If nh− 1, we have
F -Nn/n−1(F (Kn)) = Fpn−1(Kn−1),
where F t(Kn) := {x ∈ F(Kn) | vn(x) t} for positive integer t.
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(b) If n = h, we have
Fp
n−1+1(Kn−1) ⊂ F -Nn/n−1(F (Kn)) ⊂ Fpn−1(Kn−1).
(c) Suppose n = ha + b where a is a positive integer and b such that 1bh− 1,
then we have
[F(Kn−1) : F -Nn/n−1(F (Kn))] = qc1pn−1+c2 ,
where
c1 = p
h − p
ph − 1 , c2 =
pb − pb−1
ph − 1 − 1.
(d) Suppose n = ha where a2, then we have
qc1p
n−1+c2[F(Kn−1) : F -Nn/n−1(F (Kn))]qc1pn−1+c2+1,
where
c1 = p
h − p
ph − 1 , c2 =
−ph−1 + 1
ph − 1 .
Moreover, we suppose that K∞/K is the cyclotomic Zp-extension. For a formal
group F(X, Y ) ∈ OK [[X, Y ]], let Fn(X, . . . , X) be the power series corresponding to
the multiplication by n, namely,
F2(X,X) = F(X,X)
and
Fn(X, . . . , X) = F(Fn−1(X, . . . , X),X)
for n3. Now, we can write
Fp(X, . . . , X)mod p =
∞∑
i=1
eiX
pi, (1)
where ei ∈ OK/pOK . We deﬁne ei by this congruence. We note that eph−1 = 0 by the
deﬁnition of the height.
In this case, if we know eph−1 , we can get the exact order of the cokernel of
F -Nn/n−1.
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Theorem 1.3. Assume that p3, K is unramiﬁed over Qp and K∞/K is the cyclo-
tomic Zp-extension. We denote by q the order of the residue ﬁeld of K. Let F(X, Y )
be a formal group over OK of height 2h <∞, and eph−1 be as above.
(a) If nh− 1, we have
F -Nn/n−1(F (Kn)) = Fpn−1(Kn−1).
(b) If n = h, we have
[F(Kn−1) : F -Nn/n−1(F (Kn))] = qpn−1pr,
where
pr = #{x ∈ OK/pOK | eph−1xp
h − x = 0}. (2)
(c) Suppose n = ha + b where a is a positive integer and b such that 1bh− 1,
then we have
[F(Kn−1) : F -Nn/n−1(F (Kn))] = qc1pn−1+c2 ,
where
c1 = p
h − p
ph − 1 , c2 =
pb − pb−1
ph − 1 − 1.
(d) Suppose n = ha where a2, then we have
[F(Kn−1) : F -Nn/n−1(F (Kn))] = qc1pn−1+c2pr,
where
c1 = p
h − p
ph − 1 , c2 =
−ph−1 + 1
ph − 1
and pr is as (2).
Now, we return to the general case (we do not assume K/Qp is unramiﬁed) and
consider some typical formal group arising from Honda’s theory [4].
Put
f (X) :=
∞∑
n=0
n
Xp
hn
pn
,
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where 0 = 1, 1 ∈ Z×p and n ∈ Zp for n2 such that
F(X, Y ) := f−1(f (X)+ f (Y )) (3)
is a formal group over Zp. In this case, we can prove a more precise result than
Theorem 1.1, that is, we have i0 = ph−1 and di0 = 0. For this formal group F(X, Y ),
we obtain the next result.
Theorem 1.4. Suppose that K/Qp is a ﬁnite extension and the residue ﬁeld of K has
q elements. Let F(X, Y ) be as (3) and h2. Then, there is a constant m0 such that
qc1p
n−1+c2 < [F(Kn−1) : F-Nn/n−1(F(Kn))] < qc1p
n−1+c2+3+ 1p
for all sufﬁciently large n. Here, c1 and c2 are the numbers deﬁned by
c1 = p
h − p
ph − 1 eK, c2 =
(ph−1 − 1){(m0 + 1)(p − 1)− eK}
ph − 1 − 2,
where eK is the absolute ramiﬁcation index of K, namely eK = ordK(p).
Remark 1.5. Suppose F(X, Y ) is as in (3), but assume h = 1. Then, we also obtain
(cf. Section 6)
[F(Kn−1) : F-Nn/n−1(F(Kn))]q.
In particular, we consider the case that K = Qp, K∞/K is the cyclotomic Zp-
extension and the formal group F is as (3).
For F(X, Y ), we have eph−1 = 1 mod p, and in (2), we have
pr =
{
p (1 ≡ 1(mod p))
1 (1 ≡ 1(mod p)).
Hence, we obtain the exact order of the cokernel of F-Nn/n−1 for all positive integers
n from Theorem 1.3.
Corollary 1.6. Assume that p3, K = Qp and K∞/K is the cyclotomic Zp-extension.
Let F(X, Y ) be as (3) and h2. Then, we have the next result.
(a) If nh− 1, we have
F-Nn/n−1(F(Kn)) = Fpn−1(Kn−1).
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(b) If n = h, we have
F-Nn/n−1(F(Kn)) =
{
Fpn−1+1(Kn−1) (1 ≡ 1 (mod p))
Fpn−1(Kn−1) (1 ≡ 1 (mod p)).
(c) Suppose n = ha + b where a is a positive integer and b such that 1bh− 1,
then we have
[F(Kn−1) : F-Nn/n−1(F(Kn))] = pc1pn−1+c2 ,
where
c1 = p
h − p
ph − 1 , c2 =
pb − pb−1
ph − 1 − 1.
(d) Suppose n = ha where a2, then we have
[F(Kn−1) : F-Nn/n−1(F(Kn))] =
{
pc1p
n−1+c2+1 (1 ≡ 1 (mod p))
pc1p
n−1+c2 (1 ≡ 1 (mod p)),
where
c1 = p
h − p
ph − 1 , c2 =
−ph−1 + 1
ph − 1 .
Remark 1.7. We suppose that p3, E/Q is an elliptic curve with supersingular re-
duction at p, and Eˆ is the formal group associated to E. The exact order of the cokernel
of Eˆ-Nn/n−1 was computed in Kurihara [9] (In fact, the lower bound is in [9, Propo-
sition 2.1] and the argument in [9, Section 6] gives the upper bound, and we get the
equality). This computation coincides with our result.
We further assume #E(Fp) = p + 1 (namely “ap = 0’’). Then Eˆ(X, Y ) is strongly
isomorphic to F(X, Y ) in (3) with n = (−1)n. In this case, for K = Qp, not
only the orders of the cokernels of Eˆ-Nn/n−1, but also the structure of Eˆ(Kn) as
a Zp[Gal(Kn/K)]-module was determined by Kobayashi [8, Proposition 8.12] (cf. also
Remark 8.14). This method was recently applied for the Honda formal group F with
type xh + p for h2 to get the structure of F(Kn) by Iizuka [6].
The structure of Eˆ(Kn) for an arbitrary Zp-extension K∞/K with K = Qp was
determined by Iovita and Pollack [7, Section 4].
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2. Notation and setup
Throughout this paper, p is a ﬁxed prime number and K/Qp is a ﬁnite extension. We
denote by q the order of the residue ﬁeld of K, and eK the absolute ramiﬁcation index
of K, namely eK = ordK(p). We assume K∞/K is a totally ramiﬁed Zp-extension,
and Kn its nth layer. In particular, K0 = K . For n0, kn, n, vn, An, pn and Un
denote the residue ﬁeld of Kn, a uniformizer of Kn, the normalized discrete valuation
of Kn such that vn(n) = 1, the ring of integers of Kn, the maximal ideal of An and
the unit group of Kn, respectively. We denote by k the residue ﬁeld of K. Since Kn/K
is totally ramiﬁed, we have knk for all n0.
3. Formal group and F-norm
We assume F(X, Y ) is a formal group deﬁned over A0, and consider F(Kn) which
is an abelian group deﬁned on pn by F(X, Y ). We put
F t(Kn) := {x ∈ F(Kn)|vn(x) t}
for positive integer t > 0. We take t,n ∈ An such that vn(t,n) = t . For x ∈ An, we
denote by t,n the isomorphism
t,n : F t(Kn)/F t+1(Kn)
∈
xt,n
→
→
k+n
∈
xmod pn.
We deﬁne
F2(X1, X2) := F(X1, X2),
Fn(X1, X2, . . . , Xn) := F(Fn−1(X1, X2, . . . , Xn−1),Xn)
for n3. We assume the height of F(X, Y ) is ﬁnite. Namely, we assume that there
exists a positive integer h <∞ such that
Fp(X, . . . , X) ≡ g(Xph) (mod p0), (4)
where g(Z) = b1Z + b2Z2 + · · · ∈ A0[[Z]], b1 ≡ 0 (mod p0).
Now, we deﬁne the F-norm map
F -Nn/n−1 : F(Kn)→ F(Kn−1).
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Let  be a generator of Gal(Kn/Kn−1). For x ∈ F(Kn), we deﬁne
F -Nn/n−1(x) := Fp(x, (x), . . . , p−1(x)).
By Hazewinkel [1, Lemma 2.4.1], we obtained the following lemma.
Lemma 3.1. There exist ai ∈ A0 (i ∈ Z1) such that
F -Nn/n−1(x) = Trn/n−1(x)+
∞∑
i=1
aiNn/n−1(x)i +
∑
m
amTrn/n−1(m)
for all x ∈ F(Kn). Here, m = xr1(x)r2 · · · p−1(x)rp where ri ∈ Z0 for 1 ip
and  is a generator of Gal(Kn/Kn−1).
Moreover, we have v0(aph−1) = 0 and v0(ai)1 for i such that ph−1  |i.
4. Some results on a trace map
In the following, we abbreviate F -N := F -Nn/n−1, Tr := Trn/n−1, N := Nn/n−1 and
F tn := F t(Kn).
The following proposition is due to Serre [10, Chapter V, Section 3, Lemma 4], Tate
[11], and Hazewinkel [2, Lemma 2.1].
Proposition 4.1. (1) Suppose K is a ﬁnite extension of Qp and K∞/K is a totally
ramiﬁed Zp-extension. Then there exists mn ∈ Z such that
Trn/n−1(ptn) = prn−1
for all positive integers t, where
r =
[
(mn + 1)(p − 1)+ t
p
]
.
(2) There exists m0 ∈ Z such that mn = eK pn−1p−1 +m0 for all sufﬁciently large n.
Suppose that K is unramiﬁed over Qp, we obtain a more precise result for mn.
Proposition 4.2. Suppose p3 and K is unramiﬁed over Qp. Then, for all positive
integers n, we have m0 = 0 in Proposition 4.1, that is,
Trn/n−1(ptn) = prn−1
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for all positive integers t. Here,
r = pn−1 + 1+
[
t − 2
p
]
.
Before we prove this proposition, we introduce Hyodo’s depth [5].
Deﬁnition 4.3. Let L, M be ﬁnite extensions of K such that M ⊂ L. Then we deﬁne
the depth of ramiﬁcation of L/M by
dK(L/M) := vK(DL/M)− (vK(M)− vK(L)),
where DL/M denotes the relative different of L/M and L, M denote a prime element
of L, M, respectively.
By Hyodo [5], we obtain the next lemma.
Lemma 4.4. (1) dK(L/M) = 0 ⇔ L/M is tamely ramiﬁed.
(2) Let F be an intermediate ﬁeld of L/M . Then we have
dK(L/M) = dK(L/F)+ dK(F/M).
(3)
dK(L/M) = 1
eM/K
dM(L/M),
where eM/K denotes the ramiﬁcation index of M/K .
Proof. (1) and (2) were proved in [5, p. 291 and Lemmas 2–4]. We prove (3). By
Deﬁnition 4.3, we have
dK(L/M) = vK(DL/M)−
(
1
eL/K
− 1
eM/K
)
, (5)
dM(L/M) = vM(DL/M)−
(
1
eL/M
− 1
)
= eM/KvK(DL/M)−
(
1
eL/M
− 1
)
. (6)
Subtracting (6) from eM/K · (5), we have the conclusion. 
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Now, we prove Proposition 4.2.
Proof of Proposition 4.2. By Serre [10, Chapter V, Section 3, Lemmas 3, 4], we have
(mn + 1)(p − 1) = vn(DKn/Kn−1).
From Deﬁnition 4.3, we have
dK(Kn/Kn−1) = vK(DKn/Kn−1)−
(
1
pn−1
− 1
pn
)
= 1
pn
vn(DKn/Kn−1)−
(
1
pn−1
− 1
pn
)
.
Hence, we have
mn = p
n
p − 1dK(Kn/Kn−1).
Therefore, we will prove
dK(Kn/Kn−1) = p
n − 1
pn
for n ∈ Z1.
First, we prove dK(K1/K) = p−1p . Let p be a primitive pth root of unity. We
consider
K(p) − K1(p)
| |
K − K1.
By Lemma 4.4, we have
dK(K1/K) = dK(K1(p)/K(p))
= 1
eK(p)/K
dK(p)(K1(p)/K(p)).
Now, we calculate dK(p)(K1(p)/K(p)). From Kummer theory, we have K1(p) =
K(p, y1/p) where y ∈ K(p). Since K1(p)/K(p) is a totally ramiﬁed extension,
from Hyodo [5, Lemmas 2–16], it is sufﬁcient to consider the following three
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cases:
(a) y = w,
(b) y = 1+ w,
(c) y = 1+ wi (2 ip − 1),
where w is a unit of K(p) and  is a prime element of K(p).
Claim 4.4.1. In the case (a) or (c), K1(p)/K is a non-abelian extension.
Proof. Put M := K(p) and L := M(y1/p) = K1(p). We denote by j ∈ Gal(M/K)
the map j : p → jp. By Kummer theory, we have
M×/(M×)pHomcont(GM,p)
as Gal(M/K)-modules. Here, GM = Gal(M/M) where M is an algebraic closure of
M and p is a group generated by p. Therefore, L/K is an abelian extension if and
only if we have j (y) ≡ yj (mod(M×)p) for all 1jp − 1. We take  := p − 1.
Considering the case (a), we have vM(j (y)) ≡ vM(yj )(mod p) for 2jp − 1.
So, L/K is a non-abelian extension.
Considering the case (c), we have
j (y) = 1+ j (w)j ()i
= 1+ j (w)j (p − 1)i
= 1+ j (w)(jp − 1)i
= 1+ j (w)(p − 1)i(j−1p + · · · + p + 1)i
≡ 1+ wjii (mod i+1)
yj = (1+ wi )j
≡ 1+ wji (mod i+1).
For 2 ip − 1, we have j (y) ≡ yj (mod (M×)p). So, L/K is a non-abelian
extension. 
Therefore, (b) holds. Then, from Hyodo [5, Lemmas 2–16], we have
dK(p)(K1(p)/K(p)) = eK(p) −
p − 1
p
= (p − 1)
2
p
.
So, we have dK(K1/K) = p−1p .
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Next, by induction on n, we prove
dK(Kn/Kn−1) = p
n − 1
pn
for all positive integer n.
When n = t , we suppose the equation holds. We consider
K(p) − Kt−1(p) − M − L
| | | |
K − Kt−1 − Kt − Kt+1,
where M = Kt(p) and L = Kt+1(p). Then we have
dKt−1(Kt/Kt−1) = eKt−1dK(Kt/Kt−1)
 eKt−1
p
.
From Hyodo’s inequality [5, (4-1-1)], we have
0eKt−1 − dKt−1(Kt+1/Kt)
eKt−1 − dKt−1(Kt/Kt−1)
p
.
Hence, we have
pt−1 − 1
p2
dKt−1(Kt+1/Kt)pt−1.
Now, by Deﬁnition 4.3, we have
dKt−1(Kt+1/Kt) = vt−1(DKt+1/Kt )− (vt−1(t )− vt−1(t+1))
= 1
p2
vt+1(DKt+1/Kt )−
(
1
p
− 1
p2
)
∈ 1
p2
Z.
So, we have dKt−1(Kt+1/Kt) = pt−1 − 1p2 or pt−1. From Lemma 4.4, we have
dKt−1(Kt+1/Kt) =
1
eKt/Kt−1
dKt (Kt+1/Kt)
= 1
eKt/Kt−1
dKt (L/M).
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If we had dKt−1(Kt+1/Kt) = pt−1, we would have dKt (L/M) = pt = eKt . Then,
Hyodo [5, Lemmas 2–16] implies L = M(y1/p) with y = w where w is a unit of M
and  is a prime element of M. Hence, L/Kt would be a non-abelian extension. This
is a contradiction. Therefore, we have
dKt−1(Kt+1/Kt) = pt−1 −
1
p2
.
So, we have
dK(Kt+1/Kt) = 1
eKt−1
dKt−1(Kt+1/Kt)
= 1
pt−1
(
pt−1 − 1
p2
)
= p
t+1 − 1
pt+1
.
Therefore, we have mn = pn−1p−1 . So if Tr(ptn) = prn−1, we have r = pn−1 + 1+ [ t−2p ].
This completes the proof. 
5. Proof of Theorem 1.1
We consider the valuation of F -N(x) where x ∈ F(Kn). We need the following
lemma.
Lemma 5.1. Suppose that ai ∈ A0, and put di := v0(ai). Then, for x ∈ F(Kn) such
that vn(x) = t , we have
vn−1(aiN(x)i) = dipn−1 + it.
Proof. This follows from the assumption that Kn/K is a totally ramiﬁed
extension. 
From now on, we denote by ai the coefﬁcient in Lemma 3.1, and we deﬁne
di := v0(ai),
0(t) :=
[
(mn + 1)(p − 1)+ t
p
]
and
i (t) := dipn−1 + it
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for all positive integers i. Then we have vn−1(Tr(x))0(t) and vn−1(aiN(x)i) = i (t)
for x ∈ F(Kn) such that vn(x) = t . We deﬁne
(t) := min
i∈Z 0
{i (t)}.
From Lemma 3.1, we have vn−1(F -N(x))(t) for x ∈ F(Kn) such that vn(x) = t .
Lemma 5.2. For x ∈ F(Kn) such that vn(x)2t , we have
vn−1(Tr(x))(t)+ 1
for sufﬁciently large n.
Proof. If tp, then
vn−1(Tr(x))  0(2t)
=
[
(mn + 1)(p − 1)+ 2t
p
]

[
(mn + 1)(p − 1)+ t
p
]
+ 1
 (t)+ 1.
We consider the case 1 tp−1. From Lemma 3.1, dph−1 = 0, so ph−1(t) = ph−1t .
Hence, we have
0(t) =
[
(mn + 1)(p − 1)+ t
p
]
> p
h−1
(t)
for sufﬁciently large n. Therefore,
vn−1(Tr(x))0(2t)0(t) > p
h−1
(t)(t).
This completes the proof. 
Remark 5.3. If eK = 1 and m0 = 0, then this lemma holds for nh+ 1.
Lemma 5.4. For all positive integers t and i > ph−1
i (t) > (t).
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Proof. Because dph−1 = 0, we have i (t) > ph−1(t)(t). 
From Lemmas 5.2, 5.4 and 3.1, when we consider sufﬁciently large n, we have
F -N(x) ≡ Tr(x)+
ph−1∑
i=1
aiN(x)
i (modF (t)+1n−1 )
for x ∈ F(Kn) such that vn(x) = t . We ﬁx a positive integer t.
Lemma 5.5 (Hazewinkel [2, p. 226, Remark]). Suppose (t) = 0(t). Then
(t) = i (t)⇒ i = pj
for some j such that 0jh− 1.
Proof. Suppose (t) = i (t) < 0(t). We note that the F-Norm induces a homomor-
phism
F -N : F tn/F t+1n → F (t)n−1/F (t)+1n−1 .
Let i1, . . . , ir be integers satisfying (t) = i (t) and n be a prime element of Kn.
When we put n−1 = N(n), we get
F -N(utn) ≡
ph−1∑
k=1
akN(utn)
k
≡
r∑
j=1
aij u
pij
ij t
n−1 (modF
(t)+1
n−1 )
for u ∈ Un−1. Deﬁne bi by ai = bidip
n−1
n−1 . Then, bi ∈ Un−1, and
F -N(utn) ≡

 r∑
j=1
bij u
pij

(t)n−1 (modF (t)+1n−1 ).
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Identifying F (t)n−1/F
(t)+1
n−1 with k by (t),n−1 : u(t)n−1 → umod pn−1, we have a
homomorphism f : k → k induced from F-N such that
f (u) =
r∑
j=1
bij u
pij .
Note that k is a ﬁeld of characteristic p and f is a homomorphism, so for 1jr
we have ij = pm for some m such that 0mh − 1 by Serre [10, Chapter V,
Section 5]. 
Lemma 5.6.
#{t ∈ Z1 | (t) = i (t) = j (t) (i = j)}h+ 1.
Proof. Suppose, at ﬁrst, (t) = 0(t). Let (t) = i (t) for some i. Then, from Lemma
5.5, we have i = pl for some l such that 0 lh− 1.
Claim 5.6.1. Suppose (t) = i (t) for some positive integer i. If j > i, we have
i (t +m) < j (t +m) for all positive integer m.
Proof. If j > i, we have
i (t +m) = i (t)+ imj (t)+ im
< j (t)+ jm = j (t +m).
So we get the claim. 
Moreover, there is at most one positive integer t satisfying i (t) = j (t) for i = j
and i, j = 0. Hence, by Claim 5.6.1,
#{t ∈ Z1 | (t) = i (t) = j (t) (i = j, i, j = 0)}h− 1. (7)
Next, suppose (t) = 0(t), we have the next claim.
Claim 5.6.2. For m ∈ Z2, we have
0(t +m) < i (t +m)
for all positive integers i.
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Proof.
0(t +m) <
[
(pn − 1)eK + (m0 + 1)(p − 1)+ t
p
]
+ 1+ m
p
 0(t)+ 1+ m
p
 i (t)+ 1+ m
p
= dipn−1 + i(t +m)− im+ 1+ m
p
= i (t +m)+
(
1
p
− i
)
m+ 1
 i (t +m). 
It follows that
#{t ∈ Z1 | (t) = 0(t) = i (t) (1 iph−1)}2. (8)
By (7) and (8), the lemma holds. 
Remark 5.7. If (t) = 0(t) < 1(t), then for all positive integers m and 1 iph−1,
we have
0(t +m) < i (t +m).
We put
S := {t ∈ Z1 | (t) = i (t) = j (t) (0 i = jph−1)}.
In particular, #Sh+ 1 from Lemma 5.6.
From Claim 5.6.2, for all positive integers n, there exists a positive integer t0 de-
pending on n such that
{
t t0 − 1 ⇒ 0(t)i (t),
t t0 ⇒ 0(t) < i (t)
for all i which is 1 iph−1. Then, for x ∈ F(Kn),
vn(x) = t t0 ⇒ F -N(x) ≡ Tr(x) (modF (t)+1n−1 ).
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We obtain the next proposition.
Proposition 5.8. For all sufﬁciently large n,
F -N(F t0n ) = F (t0)n−1 ,
that is,
[F (t0)n−1 : F -N(F t0n )] = 1.
Proof. It follows from Proposition 4.1 and the fact described just before the proposition
that
F -N : F tn → F (t)n−1/F (t)+1n−1
is surjective for all t t0. Hence, we obtain this proposition by Serre [10, Chapter V,
Section 1, Lemma 2]. 
Proposition 5.9. Let S, t0, (t) be as above. Then, for t < t0, t /∈ S, and sufﬁciently
large n, we have
[F (t)n−1 : F -N(F tn)] = q(t+1)−((t)+1)[F (t+1)n−1 : F -N(F t+1n )].
Proof. From t < t0 and t /∈ S, for x ∈ F(Kn) such that vn(x) = t , there exists
i = pa (0ah− 1) such that
F -N(x) ≡ aiN(x)i (modF (t)+1n−1 ).
Let n be a prime element of Kn and n−1 = N(n). We deﬁne b by ai = bdip
n−1
n−1 .
Then, we have b ∈ Un−1. When we take x = utn where u ∈ Un−1, we have
aiN(utn)
i = aiupit in−1 = bupi(t)n−1.
Let f be the map induced from
F -N : F tn/F t+1n → F (t)n−1/F (t)+1n−1 .
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Then, we have f (u) = bupi . Because k is a ﬁnite ﬁeld of characteristic p, the map
F-N is an isomorphism. We have a commutative diagram
0
0 −−−−→ F t+1n −−−−→ F tn −−−−→ F tn/F t+1n −−−−→ 0 F -N
 F -N
 F -N
0 −−−−→ F (t)+1n−1 −−−−→ F (t)n−1 −−−−→ F (t)n−1/F (t)+1n−1 −−−−→ 0,


G1 G2 0
where G1 := F (t)+1n−1 /F -N(F t+1n ) and G2 := F (t)n−1/F -N(F tn). By the snake lemma, we
obtain
[F (t)n−1 : F -N(F tn)] = [F (t)+1n−1 : F -N(F t+1n )]
= [F (t)+1n−1 : F (t+1)n−1 ][F (t+1)n−1 : F -N(F t+1n )]
= q(t+1)−((t)+1)[F (t+1)n−1 : F -N(F t+1n )]. 
Proposition 5.10. Let n be a sufﬁciently large number, and S, t0, (t) be as above.
Then, for t < t0 and t ∈ S, we have
[F (t)n−1 : F -N(F tn)]q(t+1)−(t)[F (t+1)n−1 : F -N(F t+1n )].
Proof.
[F (t)n−1 : F -N(F tn)]  [F (t)n−1 : F -N(F t+1n )]
= [F (t)n−1 : F (t+1)n−1 ][F (t+1)n−1 : F -N(F t+1n )]
= q(t+1)−(t)[F (t+1)n−1 : F -N(F t+1n )] 
From Propositions 5.8, 5.9 and 5.10, we obtain the next proposition.
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Proposition 5.11. Let n be a sufﬁciently large number, and S, t0, (t) be as above.
Then, we have
[Fn−1 : F -N(Fn)]  q(t0)−t0+#S
 q(t0)−t0+h+1.
Proof.
[Fn−1 : F -N(Fn)] = [Fn−1 : F (1)n−1 ][F (1)n−1 : F -N(Fn)]
 q(1)−1q
∑t0−1
t∈S {(t+1)−(t)}q
∑t0−1
t /∈S {(t+1)−((t)+1)}
= q(t0)−t0+#S
 q(t0)−t0+h+1. 
Next, we consider a lower bound.
Proposition 5.12. Let n be a sufﬁciently large number, and t0, (t) be as above. Then,
we have
[Fn−1 : F -N(Fn)]q(t0)−t0
Proof. We consider a commutative diagram
0 −−−−→ F t0n −−−−→ Fn −−−−→ Fn/F t0n −−−−→ 0 F -N
 F -N
 F -N
0 −−−−→ F (t0)n−1 −−−−→ Fn−1 −−−−→ Fn−1/F (t0)n−1 −−−−→ 0,


0 Fn−1/F -N(Fn) G1
where G1 := (Fn−1/F (t0)n−1 )/F -N(Fn/F t0n ). By the snake lemma, we obtain
[Fn−1 : F -N(Fn)] = [Fn−1/F (t0)n−1 : F -N(Fn/F t0n )]
 [Fn−1/F (t0)n−1 : Fn/F t0n ]
= q(t0)−t0 . 
From the above, we obtain the next theorem.
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Theorem 5.13. Let n be a sufﬁciently large number, and t0, S, (t) be as above. Then
we have
q(t0)−t0[Fn−1 : F -N(Fn)]  q(t0)−t0+#S
 q(t0)−t0+h+1.
Next, we describe t0 more explicitly. For positive integers t and i such that 1 i
ph−1, we have
0(t) < i (t)⇔ t > (eK − di)p
n + (m0 + 1)(p − 1)− eK
pi − 1 . (9)
It follows that
t0 = max
1 iph−1
{[
eK − di
pi − 1 p
n + (m0 + 1)(p − 1)− eK
pi − 1
]
+ 1
}
.
We deﬁne i0 to be a minimal number such that
eK − di
pi − 1 
eK − di0
pi0 − 1
for all i which is 1 iph−1. Then, for a sufﬁciently large n, we have
t0 =
[
eK − di0
pi0 − 1 p
n + (m0 + 1)(p − 1)− eK
pi0 − 1
]
+ 1. (10)
Let
1 = eK − di0
pi0 − 1 , 2 =
(m0 + 1)(p − 1)− eK
pi0 − 1 + 1.
Then, 1 and 2 are independent of n, and
t0 = 1pn + 	1 (2 − 1 < 	12)
(t0) =
[
(eK + 1)pn−1 + (m0 + 1)(p − 1)+ 	1 − eK
p
]
.
Let
3 = eK + 1, 4 = (m0 + 1)(p − 1)+ 2 − eK
p
.
T. Kuriya / Journal of Number Theory 113 (2005) 84–116 105
Then 3 and 4 are independent of n, and
(t0) = 3pn−1 + 	2
(
4 − 1
p
− 1 < 	24
)
.
Therefore,
(3 − p1)pn−1 + 4 − 2 − 1
p
− 1 < (t0)− t0 < (3 − p1)pn−1 + 4 − 2 + 1.
Hence, by Theorem 5.13, we obtain
qc1p
n−1+c2 < [F(Kn−1) : F -N(Fn)] < qc1pn−1+c2+h+3+1/p,
where
c1 = pi0 − p
pi0 − 1 eK +
p − 1
pi0 − 1di0 , (11)
c2 = (i0 − 1){(m0 + 1)(p − 1)− eK}
pi0 − 1 − 2. (12)
This completes the proof of Theorem 1.1. 
6. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. Put
f (X) :=
∞∑
n=0
n
Xp
hn
pn
,
where 0 = 1, 1 ∈ Z×p and n ∈ Zp for n2 such that
F(X, Y ) := f−1(f (X)+ f (Y ))
is a formal group of height h. Now, we have
f−1(X) = X − 1
p
Xp
h + (terms of degreeph + 1),
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so
F(X, Y ) = X + Y + (terms of degreeph).
Hence, we have
Fp(X1, . . . , Xp) = X1 + · · · +Xp + (terms of degreeph).
From Hazewinkel [1, Lemma 2.4.1] , we have ai = 0 for iph−1 − 1 in Lemma 3.1.
Therefore, from Remark 5.7, if h2, we obtain #S1, i0 = ph−1 and di0 = 0. We
substitute them in (11), (12) and Theorem 5.13, then we obtain Theorem 1.4.
If h = 1, then i0 = 1, di0 = dph−1 = 0, so we have (t0)− t0 = −1. Therefore, by
Theorem 5.13 and #S2, we obtain
[Fn−1 : F-N(Fn)]q.
Now, we calculate the aph−1 of F(X, Y ) for the proof of Corollary 1.6. From the
proof of Hazewinkel [1, Lemma 2.4.1], we have
Fp(X, . . . , X) = pX + (aph−1 + p	)Xp
h + (terms of degreeph + 1),
where 	 ∈ A0.
On the other hand, since f (F(X, Y )) = f (X)+ f (Y ), we have
f (Fp(X, . . . , X)) = pf (X).
Now,
f (Fp(X, . . . , X)) = pX + (aph−1 + p	+ 1pp
h−1)Xph
+(terms of degreeph + 1),
pf (X) = pX + 1Xph + (terms of degreeph + 1).
Hence, we have aph−1 ≡ 1 (mod p).
7. Proof of Theorem 1.2
In this section, we assume that K is an absolutely unramiﬁed ﬁeld and p is an odd
prime. Then, by Proposition 4.2, we obtain m0 = 0 for all positive integers n. We
denote by h the height of a formal group F(X, Y ). We suppose h2.
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Lemma 7.1. For all positive integers t and 1 iph−1 − 1, we obtain i (t) > 0(t).
Proof. From (9),
i (t) > 0(t) ⇔ t > (1− di)p
n + p − 2
pi − 1 .
Because 1 iph−1 − 1, we have di1. Hence,
(1− di)pn + p − 2
pi − 1 
p − 2
pi − 1 < 1
This completes the proof. 
From this lemma and Remark 5.3, when we consider nh+ 1, we have
F -N(x) ≡ Tr(x)+ aph−1N(x)p
h−1
(modF (t)+1n−1 )
for x ∈ F(Kn) such that vn(x) = t . We consider the S and (t0)− t0.
Proposition 7.2. (a) If h  |n, then we have #S = 0.
(b) If h|n, then we have S = {t0 − 1} where
t0 =
[
1
ph − 1p
n + p − 2
ph − 1
]
+ 1.
(c) If n = ha + b where a ∈ Z0 and b such that 0bh− 1, we have
(t0)− t0 =


ph−p
ph−1p
n−1 + −ph−1+1
ph−1 (b = 0)
ph−p
ph−1p
n−1 + pb−pb−1
ph−1 − 1 (b = 0).
Proof. (a) We obtain
0(t) = ph−1(t)⇔ pn−1 + 1+
[
t − 2
p
]
= ph−1t.
Now, let t = pm+l where m ∈ Z−1 and l such that 2 lp+1, then [(t−2)/p] = m.
Hence,
0(t) = ph−1(t)⇔ pn−1 = (ph − 1)m+ lph−1 − 1. (13)
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Let n = ha + b where a ∈ Z1 and b such that 1bh− 1. Then, we have
pn−1 = (ph)apb−1 ≡ pb−1 (mod ph − 1).
If 2 lp, then we have
2ph−1 − 1 lph−1 − 1ph − 1.
Since pb−1ph−1 < 2ph−1 − 1, the right-hand side of (13) does not hold.
If l = p + 1, then we have
lph−1 − 1 = (p + 1)ph−1 − 1 ≡ ph−1 (mod ph − 1).
Because 0b − 1h − 2, the right-hand side of (13) does not hold. Hence, we get
#S = 0.
(b) From Lemma 7.1 we have i0 = ph−1 and di0 = 0 in (10). Hence, we have
t0 =
[
1
ph − 1p
n + p − 2
ph − 1
]
+ 1.
Since
pn
ph − 1 = p
n−h + pn−2h + · · · + pn−(a−1)h + pn−ah + p
b
ph − 1 ,
we have
t0 = pn−h + pn−2h + · · · + pn−(a−1)h + pn−ah +
[
pb + p − 2
ph − 1
]
+ 1.
On the other hand,
(ph − 1)− (pb + p − 2)  ph − 1− (ph−1 + p − 2)
= ph−1(p − 1)− (p − 1)
= (p − 1)(ph−1 − 1)
> 0,
so we have
t0 = pn−h + · · · + pn−ah + 1.
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From Remark 5.7, if 0(t) = ph−1(t), then we need t = t0 − 1. When we calculate
0(t0 − 1) and ph−1(t0 − 1), we have this claim.
(c) We obtain
(t0) = pn−1 + 1+
[
t0 − 2
p
]
.
When b = 0,
(t0) = pn−1 + 1+ [pn−h−1 + pn−2h−1 + · · · + pn−ah−1 − 1
p
]
= pn−1 + pn−h−1 + pn−2h−1 + · · · + pn−ah−1
= p
n+h−1 − pb−1
ph − 1 .
When b = 0,
(t0) = pn−1 + 1+ [pn−h−1 + pn−2h−1 + · · · + pn−(a−1)h−1]
= p
n+h−1 − ph−1
ph − 1 + 1.
This completes the proof. 
From this proposition and Theorem 5.13, we obtain Theorem 1.2 (c) and (d).
Next, we prove Theorem 1.2 (a) and (b). Suppose nh−1, we have t0 = 1. Hence,
for all positive integers t and i, we have 0(t) < i (t). On the other hand, we have
0(1) = pn−1 < pn−1 + 1 = 0(2). From Lemma 3.1, for x ∈ F(Kn) such that
vn(x) = 1, we have F -N(x) ≡ Tr(x) (modF (1)+1n−1 ). Therefore, from Proposition 4.2,
we obtain F -N : Fn → Fp
n−1
n−1 /F
pn−1+1
n−1 is surjective. From Lemma 5.2, for tp, we
have 0(2t)(t) + 1 for all n. Hence, for x ∈ F(Kn) such that vn(x) = tp, we
have
F -N(x) ≡ Tr(x) (modF (t)+1n−1 ).
Then, for r ∈ Z0, we can ﬁnd some t such that
F -N : F tn → Fp
n−1+r
n−1 /F
pn−1+r+1
n−1
is surjective. (For example, we can take t = 1 + rp). By Serre [10, Chapter V,
Section 1, Lemma 2], we have F -N(Fn) ⊃ Fp
n−1
n−1 . By deﬁnition of (t), we can
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see that
F -N(Fn) ⊂ F (1)n−1 = Fp
n−1
n−1 ,
so we have Theorem 1.2 (a).
Suppose n = h, we have t0 = 2. Then, for x ∈ F(Kn) such that vn(x) = tp, we
have
F -N(x) ≡ Tr(x)(modF (t)+1n−1 ).
Then, for r ∈ Z1, we can ﬁnd some t such that
F -N : F tn → Fp
n−1+r
n−1 /F
pn−1+r+1
n−1
is surjective. So we have Theorem 1.2 (b).
8. Proof of Theorem 1.3
In this section, we assume that p is an odd prime, K is an absolutely unramiﬁed
ﬁeld and K∞/K is the cyclotomic Zp-extension. By Theorem 1.2, it is sufﬁcient to
prove Theorem 1.3 (b) and (d). For the proof of Theorem 1.3 (b) and (d), we need the
cyclotomic units.
First, we consider (d). For x ∈ F(Kn) such that vn(x) = t , we have
t t0 − 2 ⇒ F -N(x) ≡ aph−1N(x)p
h−1
(modF (t0)+1n−1 ),
t = t0 − 1 ⇒ F -N(x) ≡ Tr(x)+ aph−1N(x)p
h−1
(modF (t0)+1n−1 ),
t t0 ⇒ F -N(x) ≡ Tr(x) (modF (t0)+1n−1 ).
For t t0 − 2, from Proposition 5.9,
[F (t)n−1 : F -N(F tn)] = p(t+1)−((t)+1)[F (t+1)n−1 : F -N(F t+1n )].
We consider the case t = t0 − 1. Put t1 := t0 − 1. Then, (t1) = ph−1(t1) = t1ph−1
and from the proof of Proposition 7.2, we have t1 = pn−h+pn−2h+ · · · +ph+ 1. We
would like to calculate
F -N : F t1n /F t1+1n
∈
un,t1
→
→
F
(t1)
n−1 /F
(t1)+1
n−1
∈
Tr(un,t1)+ aph−1N(un,t1)p
h−1
,
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where u ∈ U0 and vn(n,t1) = t1. Since K∞/K is the cyclotomic Zp-extension,
NK(
pn+1 )/Kn(1− pn+1)
is a prime element of Kn. Put
n,t1 := x0NK(pn+1 )/Kn(1− pn+1),
where
x0 := NK(pn )/Kn−1(1− pn)(t1−1)/p.
We deﬁne
n−1,t1 := Nn/n−1(n,t1) = xp0NK(pn )/Kn−1(1− pn).
To calculate Tr(n,t1), we use the following lemma.
Lemma 8.1. Put
p−1∏
i=1
(1−Xi) =
m∑
j=0
cjX
j , (14)
where m = 12 (p − 1)p. Then, we have
m/p∑
j=0
cjp = p − 1.
Proof. We know that
∏p−1
i=1 (1− ip) = p where p is a primitive pth root of unity and
p∑
i=1
ijp =
{
0 (p  |j),
p (p|j). (15)
Substituting X = 1, p, 2p, . . . , p−1p in (14), we have
p−1∏
i=1
(1− 1i ) =
m∑
j=0
cj1j
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p−1∏
i=1
(1− ip) =
m∑
j=0
cj
j
p
...
p−1∏
i=1
(1− (p−1p )i) =
m∑
j=0
cj (
p−1
p )
j .
Summing them up, we have
p(p − 1) =
m∑
j=0
cj (1j + jp + · · · + (p−1p )j ).
From (15), the right-hand side is equal to
m/p∑
j=0
cjpp.
Hence, we get this lemma. 
Lemma 8.2.
Tr(n,t1) = bp
h−1
n−1,t1 , (16)
where b ∈ An−1 is an element such that b ≡ −1 (mod pn−1).
Proof. We have
p
h−1
n−1,t1 = x
ph
0 NK(pn )/Kn−1(1− pn)p
h−1 (17)
and
Tr(n,t1) = x0Tr(NK(pn+1 )/Kn(1− pn+1)).
Suppose that g1 is a generator of Gal(K(pn+1)/Kn), then g1 is identiﬁed with an
element of (Z/pn+1)× such that the order is p − 1. Then we have
NK(
pn+1 )/Kn(1− pn+1) =
p−2∏
i=0
(1− gi1
pn+1). (18)
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On the other hand, we have
Trn/n−1(NK(
pn+1 )/Kn(1− pn+1))
= TrK(
pn+1 )/K(pn )(NK(pn+1 )/Kn(1− pn+1)), (19)
TrK(
pn+1 )/K(pn )(
i
pn+1) =
{
pi
pn+1 (p | i),
0 (p  |i) (20)
and
{1, g1, g21, . . . , gp−21 (mod p)} = {1, 2, . . . , p − 1 (mod p)}. (21)
From (18), (19) and (20), we have
Trn/n−1(n,t1) = x0Trn/n−1(NK(pn+1 )/Kn(1− pn+1))
= x0TrK(
pn+1 )/K(pn )

p−2∏
i=0
(1− gi1
pn+1)

 .
Using cj in Lemma 8.1 and putting m :=∑p−1i=0 gi1, we have
Trn/n−1(n,t1) = x0TrK(pn+1 )/K(pn )

m/p∑
j=0
cjp
jp
pn+1 +
m∑
(l,p)=1
cl
l
pn+1


= x0p

m/p∑
j=0
cjp
pj
pn+1

 . (22)
From (16), (17) and (22), we have
b = Tr(n,t1)
p
h−1
n−1,t1
=
p
∑m/p
j=0 cjp
jp
pn+1
x
ph−1
0 NK(pn )/Kn−1(1− pn)ph−1
=
p
∑m/p
j=0 cjp
jp
pn+1
NK(pn )/Kn−1(1− pn)(t1−1)(ph−1)/p+ph−1
.
114 T. Kuriya / Journal of Number Theory 113 (2005) 84–116
Now, we have
t1 − 1
p
(ph − 1)+ ph−1 = pn−1.
So, we obtain
b =
p
∑m/p
j=0 cjp
jp
pn+1
NK(pn )/Kn−1(1− pn)pn−1
.
On the other hand, we have
p =
pn∏
(i,p)=1
(1− ipn) = (1− pn)(p−1)p
n−1
pn∏
(i,p)=1
(1+ pn + · · · + i−1pn ). (23)
Suppose that g2 is a generator of Gal(K(pn)/Kn−1), we have
NK(pn )/Kn−1(1− pn)p
n−1
= (1− pn)pn−1(1− g2pn)p
n−1 · · · (1− g
p−2
2
pn )
pn−1
= (1− pn)(p−1)pn−1(1+ pn + · · · + g2−1pn )p
n−1
· · · (1+ · · · + g
p−2
2 −1
pn )
pn−1 . (24)
From (23) and (24), we get
b =
(
∑m/p
j=0 cjp
jp
pn+1)
∏pn
(i,p)=1(1+ pn + · · · + i−1pn )
(1+ pn + · · · + g2−1pn )pn−1 · · · (1+ pn + · · · + 
g
p−2
2 −1
pn )
pn−1
.
Since we have
An−1/pn−1AK(pn )/(pn − 1)AK(pn+1 )/(pn+1 − 1),
it sufﬁces to compute b (mod pn+1 − 1). Using Lemma 8.1, we have
b ≡ (p − 1)
∏pn
(i,p)=1 i
(
∏p−2
i=1 g
i
2)
pn−1
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≡ (p − 1)(−1)
pn−1
(−1)pn−1
≡ −1 (mod pn+1 − 1).
This completes the proof. 
Now, we have
Tr(un,t1) ≡ bup
h−1
n−1,t1 (modF
(t1)+1
n−1 ),
aph−1N(un,t1)
ph−1 = aph−1uphp
h−1
n−1,t1 ,
where b ≡ −1 (mod pn−1). The map f induced from F-N is that
f (u) = −u+ aph−1up
h
in Fq . We consider a commutative diagram
0 −−−−→ F t1+1n −−−−→ F t1n −−−−→ F t1n /F t1+1n −−−−→ 0 F -N
 F -N
 F -N
0 −−−−→ F (t1)+1n−1 −−−−→ F (t1)n−1 −−−−→ F (t1)n−1 /F (t1)+1n−1 −−−−→ 0.


0 F (t1)n−1 /F -N(F
t1
n ) Coker F -N
From the snake lemma,
[F (t1)n−1 : F -N(F t1n )] = #Coker F -N.
It follows that
[Fn−1 : F -N(Fn)] = [Fn−1 : F (1)n−1 ][F (1)n−1 : F -N(Fn)]
= q(1)−1p
∑t1−1
t=1 {(t+1)−((t)+1)}[F (t1)n−1 : F -N(F t1n )]
= q(t1)−t1#Coker F -N
= q(t0)−t0#Coker F -N.
Since #Coker F -N = #Ker F -N = #Ker f , we have Theorem 1.3 (d).
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Next, we prove Theorem 1.3 (b). When we suppose n = h, we have t0 = 2. Then,
for x ∈ F(Kn) such that vn(x) = t , we have
t = 1⇒ F -N(x) ≡ Tr(x)+ aph−1N(x)ph−1 (modFp
n−1
n−1 ),
t2⇒ F -N(x) ⊂ F (2)n−1 = Fp
n−1+1
n−1 .
As in the proof of Theorem 1.2 (b), for r ∈ Z1, we can ﬁnd some t such that
F -N : F tn → Fp
n−1+r
n−1 /F
pn−1+r+1
n−1
is surjective. Hence, we have (b).
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